LINE-BUNDLES ON STACKS OF RELATIVE MAPS 
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Abstract. We study line-bundles on the moduli stacks of relative stable and 
rubber maps that are used to define relative Gromov-Witten invariants in the 
sense of J. Li [11, 12]. Relations between these line-bundles yield degeneration 
formulae which are used in [7]. In addition we prove the Trivial Cylinders 
Theorem, a technical result also needed in [7]. 



1. Introduction 

Relative Gromov-Witten invariants [11, 12] are intersections numbers on a stack 
parameterizing stable maps to a projective manifold Z relative to a smooth divisor 
D. One looks at stable maps to Z where all points of intersections of the map with 
D are marked and multiplicities at these points are specified. To obtain a proper 
moduli stack of such maps, one must allow the target to degenerate to kZ = 
ZUd Pi Ud • • • Uu Pfc, that is, Z union a number of copies of P = ^d{Nd/z © Id) 
the projective completion of the normal bundle to D in Z . Maps with a non- 
smooth target are said to be split maps. Li constructed a moduli stack of relative 
maps called A^(-Z,r) for F, a certain kind of graph, and constructed its virtual 
fundamental cycle. This stack has an evaluation map 

EvA^2 : M{Z,T) ^ x D"- 

where m and r are the number of interior and boundary marked points, respectively. 
Relative Gromov- Witten invariants are given by evaluating puUbacks of cohomology 
classes by Ev against the virtual cycle. 

It is natural to break the target as the union of iZ = Z Ud Pi Ud ■ • • Ud Pi 
and k-i-iP = Pi+iUd- ■ - UoPk- In fact, such splitting is necessary to parameterize 
fixed loci in C*-localization in the sense of [8] and [4] in the relative framework [5]. 
If we set X — D, and L = N]jfz, the normal bundle to D in Z, one is led to study 
stable maps into the projectivization of a line bundle P = FxiL © Ix) relative 
to the zero and infinity sections, Dq and Doc where two stable maps are declared 
equivalent if they can be related by a C*-factor dilating the fibers oi P ^ X. 
One can construct a moduli stack of such maps, M.{A,T) and its virtual cycle. 
This moduli stack has certain natural line bundles, called the target cotangent line 
bundles, L° and L°° and has an evaluation map 

EvA^^ : M{A,r) X™ X X''" X X''^ 

The rubber invariants are obtained by evaluating puUbacks of cohomology by Ev 
map and powers of ci(L°°) against the virtual cycle. 

One can take fiber products of stacks Tz) and Ai{A, F^) to parameterize 

split maps in a bigger moduli stack A4{Z, Tz * F^). Such split maps form divisors 
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that whose fundamental classes are (up to multiplicity) the first Chcrn classes of 
particular line-bundles on A4{Z,rz * Fa)- By finding relations between such line- 
bundles, one is able to prove degeneration formulae that allow us to rewrite Gromov- 
Witten invariants of one moduli stack in terms of Gromov-Witten invariants are 
smaller moduli stacks. The approach of this paper is to do an in-depth study of 
natural line-bundles on stacks. 

In section 2, we introduce some technical definitions. 

In section 3, we review the construction of M{Z,rz) and A4{A,Ta)- This 
material is essentially a rephrasing of parts of [11, 12]. 

In section 4, we introduce line-bundle systems. These are line-bundles defined 
on a sequence of spaces that obey certain transition properties under inclusions and 
a group action. In more esoteric language, line-bundle systems are line-bundles on 
the stacks of degenerations Z'^^^, A'^'^^ and their universal targets. 

In section 5, we explain how line-bundle systems naturally induce line-bundles 
on M{Z,rz) and M{A,rA)- We describe line-bundles on M{Z,r): Dil and 
Li,ext) and line-bundles on F): Split, L'^, L°°, not top; Li,notbot- These 

line-bundles have geometric meaning: L, ext is a line-bundle which has a section 
whose zero-stack consists of maps / : C ^ kZ so that the ith marked point is 
not mapped to Z C kZ (counted with multiplicity); Split is a line-bundle whose 
zero-stack is all split maps; L^^not top, where i is the label of interior marked point, 
is a line-bundle whose zero-stack consists of all split maps f : C ^ feP where 
ith marked point is not mapped to P^; Lj^not bot is its upside-down analog. These 
line-bundles satisfy certain relations. On M.{Z,Tz)' 

eY*0{D) = Li,ext; 

and on M{A,Ta)- 

LO O L°° = Spht 

L° (g)ev*L^ = Li^not top 

L°° ^ev*L = Lj,„ot hot • 

In section 6, wc prove degeneration formulae involving these line-bundles. The 
degeneration formulae are the precise mathematical statements of the geometric 
interpretations described above. 

In section 7, we prove a technical result called the Trivial Cylinder Theorem 
which is necessary to the formalism of [7]. 

This paper draws most directly on the Relative Gromov-Witten Invariants con- 
structed by J. Li [11, 12]. Other approaches to relative invariants include those of 
Gathmann [3], lonel and Parker [6], and A.-M. Li and Ruan [10]. 

Because of the technical nature of this paper, it is not to be read independently 
of [7] . It is our sincere hope that making this paper available will be useful to other 
researchers. 

I would like to acknowledge the following for valuable conversations: Y. Eliash- 

bcrg, A. Gathmann, D. Hain, J. Li, and R. Vakil. This paper, together with [7] 
is a revised version of the author's Ph.D. thesis written under the direction of Y. 
Elisahberg. 
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2. Definitions 



2.1. Schemes with the action of a group. We need to work in the category of 

schemes with the action of a group, or swags. 

Definition 2.1.1. A scheme with the action of a group is a triple {X, G, m) where 
X is a scheme, G is a group scheme, and m is a morphism 

m:GxX^X 

that gives a group action of G on X 

Definition 2.1.2. A morphism of swags (X, G, m) {X' , G\m') is a pair (/, /*) 
where f : X ^ X' \s a morphism, f^. : G ^ G' is a group scheme homomorphism 
and the following diagram commutes. 

G X X y X 



f 



G' X X' X' 

m 

Definition 2.1.3. Given a morphism of swags {f^f^,) : {X,G,m) (X', G',m'), 
the swag-structure on X' induced by {f,f*) is the swag (X',G, m") whose group 
action is given by the following composition 

GxX' - — ^ G' X X' X' 

Definition 2.1.4. A vector bundle on a swag {X,G,m) is an equivariant bundle 
EonX 

Definition 2.1.5. Given a morphism of swags 

{f,,U):{X,G,m)^{X',G',m') 

and a vector bundle E, X' , the pullback, f*E is defined to be the equivariant 
puUback of E under the G-equivariant map / : (X, G,m) — > (X',G, m") where 
(X', G, m") is the swag-structure on X' induced by (/, /*). 



2.2. Convention for Projectivizations. If E is a vector-bundle on a scheme E, 
let ¥x{E) denote the projectization of E where we use the old-fashioned geometric 
notation where points in the projectivization represent lines. In this case, if Ix is 
the trivial bundle on X, ¥x{E(B Ix) is the projective completion of E. The scheme 

¥x{E(Blx)\E 

is called the infinity section. 



3. Construction of moduli stacks 



In this section, we construct moduli stacks A4{2, Tz), A4{A, Ta)- The material 

in this chapter is a straightforward adaptation of [11] and [12]. While J. Li docs not 
construct M{A,Ta), our construction directly parallels his. We do change some 
notation from [11] to suit our purposes. 
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Consider a projective manifold Z with a smooth divisor D. A^(Z,r) is the 
moduH stack of stable maps of curves to Z relative to D. That is, we look at stable 
maps where we specify multiplicities at D together with the usual genus and degree 
information. This data is summarized in a relative graph F. Because the target 
Z may degenerate, we are forced to introduce A"-schemes 2'[n] which measure 
degenerations. The schemes Z\p\ are constructed by an inductive procedure where 
Z[0] = and the inductive step is similar to deformation to the normal cone. Now, 
admits a natural G[n] = (C*)"-action where we will consider two degenerations 
of Z equal if they are related by the G[n]-action. We introduce a stack, Z''^^ that 
models families that are locally isomorphic to Z\p\ — > A". Following that, we 
introduce maps of families of curves to families in Z^^^. We impose the conditions of 
pre-deformability and stability on these maps to ensure they form a proper Deligne- 
Mumford stack M{Z,T). We recall the requisite results from [12] to construct a 
tangent obstruction complex and a virtual cycle. 

For M{A, F), we consider a related geometric situation. Let X be a projective 
manifold and L a line bundle on X. Let P = Px(i® Ijc ), the projective completion 
of L which is a P^-bundle. P has two important divisors, Dq and D^o, the zero and 
infinity sections. We study stable maps to P relative to Dq and Doo where we mod 
out by a C*-factor that dilates the fibers. Again, the target P may degenerate, 
we need to introduce a sequence of A"-schemcs A[n] where A[0] = P. A[n] admits 
a natural G[n] = (C*)""'"^-action where one of C* factor comes from dilating the 
fibers of P — > X, and the others are analogous to those on Z[n]. We introduce a 
stack of degenerations, A'^'^^ and a proper Deligne-Mumford stack A4{A, F) of maps 
to P modulo dilation of the fibers. This stack is called the stack of maps to rubber 
and carries a virtual cycle. 

We should explain our top/bottom convention. In Z, moving towards D is 
considered moving towards the top. In P, Do is considered the top while Doo is the 
bottom. This slightly odd convention makes sense in that the most natural choice 
for {X, L) is (D, Nj^jz)- In this case, the zero section of P is identified with D and 
the normal bundle to Dq in P is equal to the normal bundle to D in Z. Therefore, 
£>o C P like £> c Z is on top. 

3.1. The spaces Z[n]. We will study maps to a projective manifold Z relative to a 
divisor D. Because of the nature of relative invariants, we must allow the target Z 
to degenerate. Let L — jz be the normal bimdlc to D in Z . Let P = P(L © Id) 
be the projective completion of L. P has two distinguished divisors, Dq and -Doo, 
the zero and infinity sections of L. 

Definition 3.1.1. Let kZ be the union of Z with k copies of P, ZUoPi^d- ■ -^oPk, 
the scheme given by identifying D C Z with Dao C Pi and Dq C Pi with D^o C 
Pi+i for i = 0, 1, . . . , fc — 1. kZ has a distinguished divisor D = Dq d Pk- 

We will construct a sequence of pairs of projective manifolds and smooth divisors, 
(^[71], that map to A" so that the fiber over different closed points in A" is 
( feZ, £)) for A; = 0, . . . , n. 

Definition 3.1.2. Let Z[0] = Z and £>[0] = D. 
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is defined inductively. Let 

(1) Z[n] - B\D[n-i]>,{u}{Z[n - 1] x A^). 

(2) D[n\ is the proper transform of D[n — 1] x A"'^. 

Definition 3.1.3. Let [n] denote the set of integers {1,2,..., n}. 

Definition 3.1.4. Let G[n] denote the group (C*)". An element a € G[n] can be 
written as an n-tuple, u = {01,02, . ■ . ,On) 

G[n] acts on A", G[n] x A" ^ A" by 

{01,02, ■ ■ ■,On) ■ {tl,t2, . . . ,t„) {Oi^ti,02^t2, ■ ■ . ,C7~^t„). 

(.^[n], D[n]) has the following properties: 

(1) There exists a morphism p : Z[n] A". 

(2) Z[n] admits a G[n]-action fixing D[n] point-wise, so that p is equivariant. 

(3) D[n] is given as the zero-scheme of a section s[n] of a hne-bundle V[n]. 

(4) For any order-preserving inclusion i : [k] ^ [n], there is an injectivc ho- 
momorphism G[k] ^ G[n], an inclusions of swags A*^ ^ A", Z[k] ^ Z[n] 
such that the following diagram commutes: 



k] ^ Z[m] 

p 



The maps induce an isomorphism Z[k] = Z[n] Xa.. A*^. 
(5) There is a morphism c : Z[n] ^ Z such that for any inclusion as in (3), the 
following diagram commutes 

Z[k] ^ Z[n] 



Z 

Let us address (3). Since Z is smooth D is represented by a Cartier divisor 
{V,s) where F is a line-bundle and s is a section of V whose zero scheme is D. 

Z[n] = P^oiz[n-i]xA'^ (©n>o-^") ^'^^ ^ sheaf of ideals X. Let tt : Z[n] — »■ Z[n — 1] x 
Ai Z[n - 1] be the projection. V[n] = 7T*V[n - 1] (g) 0{1) and s[n] is n*s[n - 1] 
considered as a degree one element. Therefore, we have. 

Lemma 3.1.5. D[n\ is represented by a Cartier divisor of a section s[n] of a line- 
bundle V[n]. 

The contraction map c : Z[n] ^ Z is given by the composition 
c : Z[n] ^Z[n-1]^ ...^ Z[l] Z[0]. 
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The projection p : Z[n] A" is defined inductively by the composition 
p : Z[n] Z[n - 1] x A^ ^ A"-^ x A. 

3.2. Effective Maps. Let us give a geometric description of Z[n]. The construc- 
tion of Z[n\ is similar to that of the deformation of the normal cone in [2]. Let A'' 
be the normal bundle to D in Z. Let P = Pjc (A^ © 1) be the projective comple- 
tion of the total space of N. Z[l] is an A-'^-scheme. The fibers of this map over 
t G A^, t ^ is Z while the fiber over t = is Z \Jd P, that is, Z union P along 
D C Z which is isomorphic to D^o, the infinity divisor in P. The G[l] group action 
permutes the fibers over C \ and dilates P, considered as a P^-bundle. 

The fiber of Z[n] over f e A" is kZ. k is the number of O's among the coordinates 

of t. If the ith zero in t's coordinate occurs in the jth place, then the jth factor of 
C* in G[n] dilates the fibers of Pk for all k > i. We will show this in 3.4 

Definition 3.2.1. Let Hi C A" be the hyperplane in A" given by the equation 
ti = l 

Let i be the morphism of swags given by 

i : A"-i = Hi A" 
U : G[n-1] ^ G[n] 

: ((Tl, . . . ,(T„_l) l-> ((Tl, . . . ,(T;_1, l,C7i+l, . . . ,(T„_l) 

Note that this inclusion makes Z[n] a G[n — l]-scheme. We call this the standard 
inclusion. 

Lemma 3.2.2. Z[n] Xa" Hi = Z[n — 1] as G[n — l]-schemes 

Let i : [fc] — > [n] be an order preserving inclusion. This induces an inclusion, 

A*^ A" 

where is (si, . . . , Sk) are the coordinates on A'^ and {ti, . . . , tn) are the coordinates 
on A", t^jn-^ = Sm ioT 1 < m < k and the other coordinates on A" are set to 1. 
This inclusion can be factored as the inclusion of hyper-planes. Given an order- 
preserving inclusion i : [k] ^ [n], there is an inclusion Z[k] ^ Z[n], given as the 
composition of inclusions as above. 

Lemma 3.2.3. Given an order-preserving inclusion i : [fc] — > [n], the induced maps 
fit into the following commutative diagram 



z 


k] — 


-^Z 


n\ 


p 






V 


A 


k 


— ^ A 


n 



We have an isomorphism 

Z[n] XAn A''^Z[k]. 
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The spaces Z[n\ are models of families of degenerations of Z . 

Definition 3.2.4. If S is any scheme then an effective family of {Z, D) over S is 
the triple (r, Z, D) given by a morphism 

r : 5 ^ A" 

where 

Z = T*Z[n] = Z[n] Xa" S 
b = T*D[n] = D[n\ Xa- S 

Definition 3.2.5. Given p : S ^ G[n] and an effective family (t, Z, D) over S, the 
action of p on (t, Z, D) is the family {t^, Zp, Dp) induced by the map 

tP : S G[n] x A" A" 

Definition 3.2.6. Given two effective families, 

Cl = (Ti,Zi,i5l) 
6 = (t2, ^2,-02) 

associated to morphisms 

n : 5 ^ A"i 

T2 : 5 ^ A"= 

where ni < n2, then an effective map a from, to ^2, 

a : 6 ^ 6 

consists of 

(1) An inclusion i : A"^ — > A"^ associated to an order preserving inclusion 
[ni] [n2] 

(2) A morphism p : S G[n2] 

so that 

(i o n)'' = T2. 

It is clear that the composition of two effective maps is an effective map. 

Definition 3.2.7. Two effective families, 

a = (ri,ii,i5i) 

6 = (-r2,-Z2,-D2) 
are said to be related by an effective arrow 

if there is a dominating family, 

^ = {T,z,b) 

together with effective maps 

012 : 6 ^ C 



8 



ERIC KATZ 



One can easily show that the composition of effective arrows is an effective arrow 
by constructing a family which dominates all the families in the composition. 

Lemma 3.2.8. An effective family {t,Z,D) has a collapsing map to {Z,D), 
so that c{D) c D 

Proof. The collapsing is induced from the composition 

COT : S ^ Z[n] — > Z 

□ 

Lemma 3.2.9. [11], Lemma 4-3 Let = {Ti,Zi,Di) be effective families over 
S. Suppose there is an isomorphism f : {Zi,Di) — »• (^2,-02) that fits into a 
commutative diagram 

Zi ^Z2 




Z xS 

Let p € S. Then there is an open neighborhood U of p in S so that over U , 

f\u : Zi XsU ^ £2 XsU 

is induced by an effective arrow between ^1 xs U and ^2 xg {/. 

Definition 3.2.10. If S is a scheme, a family of relative pairs over 5 is a triple 
(Z, D, tt) where n : Z ^ Z x S is a. morphism and D is a. Cartier divisor of Z such 
that the following property holds: There exists an open covering {Ua} of 5 such 
that for all a, (Z X5 D XsUa) is isomorphic to an effective family {Ta,Za, Da) 
over Ua by a morphism / such that the following diagram commutes 

{ZXsUa,DXsUa) ^ (^a, Da) 




ZxS 



Definition 3.2.11. Let Z'''^^ be the category whose objects are relative families 
of {Z,D) over schemes. For $1,^2 S Ohj{Z'^^^) such that is a family over 5,, 
Mor(^i,^2) consists of pairs {h, f) where 

h: 81^82 

and / is an isomorphism fitting into the following commutative diagram 

6 ^ h*^2 




ZxSi 



Define P : Z^'^^ — > (Sch) to be the functor that sends families over S to S. 
[Z^^^, V) is a groupoid. 
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Proposition 3.2.12. is a stack. 

3.3. The spaces A[n]. We construct a sequence of spaces A[n], called the rubber 
target spaces that are used to study curves in the projectivization of a line bundle 
L over a projective manifold X. These spaces will be used to construct the rubber 
invariants. These spaces have properties analogous to the Z[n]'s. 

Let X be a projective manifold and L a line bmidle on X. Let P — ¥x{L(B Ix), 
and let Xq and Xoc denote the zero and infinity sections. We study stable maps to 
P relative to Xq and X^o where we mod out by a C*-factor that dilates the fibers. 
Again, the target P may degenerate. 

Definition 3.3.1. Let feP be the union of fc + 1 copies of P, 

kP = PoUx PiUx ■■■ Ux Pk 
gluing Xq C Pi to Xoo C Pi+i for i = 0, . . . , A: - 1. 

kP has distinguished divisors = X^o C Pq and Dq = Xq C Pk- We will 
construct a sequence of projective manifolds and divisors {A[n] , Do [n] , Doo [n] ) . A[n] 
will map to A" with fiber over closed points equal to for varying fc. 

Definition 3.3.2. Let G[n] denote the group (C*)"+^. An element a £ G[n] can 
be written as an n + 1-tuple, a = (ctq, (Ti, . . . , fT„) 

In what follows, we will have G[n] act on A", G[n] x A" — > A" as 

(cro,cri,cr2, . . . ,cr„) • (ti,i2, . . . ,i„) i-> (erf ^ti, 0-^^*2, • • • ,cr~^i„). 

Definition 3.3.3. The spaces (A[n], £)oW) -DcxdM) are defined as G[n]-schemes as 
follows 

(1) A[0] = P = Fx{L e Ix) where 

(a) Do[0] is the zero-section in A[0], which is seen as the projective 
completion of L, alternatively as a divisor of the line bundle Op{l) ® tt*L. 

(b) -Doo[0] is the infinity section of A[0], that is the divisor of the line 
bundle Op(l) 

(c) The G[0] = C*-action is given by 

a„ -[l -.t]^ [aal : t] 

(2) A[n] is defined inductively from A[n — 1] as follows. Consider A[n — 1] x A^ 
under the group action 

((70, (Ti, . . . ,(T„) • {z,tn) = {{ao,Cri, . . . ,(T„_i) ■ Z,a~^tn) 

Let A[n] = 'B.\Do[n-i]>,{o}{A[n - 1] x A^). 

(a) Do H is the proper transform of Dq — 1] x A-'^ . 

(b) D^o [n] is the proper transform of Dqo ['^ — 1] x A^ . 

(A[n], £>o[n], £>oo[n]) has the following properties 
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(1) There exists a morphism p : A[n] A". 

(2) A[n] admits a G[n]-action fixing Do[n] and -Dool'^] making p equivariant. 

(3) For any order-preserving inclusion [k] ^ [n], there is an injective homo- 
morphism G[k] > G[n], an inclusions of swags A*^ ^ A", A[k] ^ A[n], 
such that the following diagram commutes: 

A[k] ^ A[n] 



Moreover, the maps induce an isomorphism A[k] = A[n] Xa" A*^. 
(4) There is a natural projection 

n : A[n] X 

so that for any inclusion as in (3), the following diagram commutes 
A[k] ^ A[n] 



X 

(5) There is a morphism of swags t : A[n] A[0] where : G[n] — > G[0] is 
given by 

t* ■ {(JQ,(Ti, . . . ,(7n) ^ {(To(7l ■ ■ -CTn). 

For any inclusion as in (3), the following diagram commutes 
A[k] ^ A[n] 

m 

t is called the top morphism. 

(6) There is a morphism of swags b : A[n] ^ A[0] where 6* : G[n] G[0] is 
given by 

6* : ((To, CTi, . . . , (7„) ((To). 
For any inclusion as in (3), the following diagram commutes 

A[k] > A[n] 



m 

b is called the bottom morphism. 

Properties (1-4) follow from proofs analogous to those for Z[n\. 

Definition 3.3.4. The map b : A[n] A[0] is given as the composition of blow- 
downs and projections 

b : A[n] ^ A[n - 1] x ^ A[n - 1] ^ . . . ^ A[0] x A^ ^ A[0]. 
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Definition 3.3.5. Wc can construct A[n] by repeatedly blowing up -Doo instead 
of -Do- The map t : A[n] A[0] is given as a composition of blow-downs and 
projections analogous to b. 

The terminology for the top and bottom maps is as follows. Given a point 
a; e A", the fiber in A[n] over x is 

iP = PqUx PiUx ■■■ Ux Pi 

where I is the number of zeroes among a;'s coordinates. The map b restricted to the 
fiber over x is the map b : — > P so that 

(1) On Po, it is the identity Pq ^ P. 

(2) On Pj for i > 1, it is the projection Pi ^ X = Dq C P. 
Likewise, the map t : A[n] — > ^[0] restricts to ;P as 

(1) On Pi, it is the identity Pj P. 

(2) On Pi for i < I - 1, it is the projection Pi ^ X = Doo C P. 

The definition for effective arrows for A[n\ is analogous to that of Z[n\ with Z's 

replaced replaced by ^'s and G[n]'s replaced by G'[n]'s. We have families of rubber 
modelled on maps to 5 — > A" analogous families of relative pairs 3.2.10 

In particular, we have 

Lemma 3.3.6. Let ^, = {Ti,Ai,D(n,Dooi) be rubber families over S. Suppose 
there is an isomorphism f : {Ai, Dqi, Dooi) — >■ {A2, D02, D002) that fits into a 

commutative diagram 

Ai ^.42 




XxS 



Let p € S. Then there is an open neighborhood U of p in S so that over U, 

f\u :AiXsU^A2XsU 

is induced by an effective arrow between ^1 Xs U and ^2 U. 

Definition 3.3.7. Let .4'°' be the category whose objects are relative families of 
{X,L), modelled on A[n] A" over schemes. For ^1,^2 G Obj(>l.'^**') such that ^, 
is a family over Si, Mor(^i, ^2) consists of pairs {h, f) where 

h:Si^S2 

and / is an isomorphism fitting into the following commutative diagram 
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6 ^ h*^2 




X xSi 



Define V : — + (Sch) to be the functor that sends famihes over S to S. 

{A'^'^^,V) is a groupoid. 

Proposition 3.3.8. {A''''\ V) is a stack. 

3.4. Degenerate Fibers. We identiiy the fibers of Z[n] — *■ A". Let A'' = N^/z 
be the normal bundle to D in Z. Let A[n] be the spaces constructed from {D, N). 

Let Kk c A" denote the subset of A" given by the equation tk = Q- We need to 
understand the fiber of Kk under p: Z[n] — > A". 

Consider Z[k — 1] x A""*^ with the G[n]- action given by 

((Tl, . . . ,cr„) • {z, (tfe+l, . . . ,tn)) I-*- ((o'l, . . . ,crfe_i) • Z, (a^+itfe+l, . . . ,(T~H„) 

Note that this scheme has a divisor D[k — 1] x A""*^. 

Let us also consider A'^^"'^ x A[n — k] with the G'[n]-action given by 

(cti, . . . , cr„) • (^1, . . . , tk-i,z) I— > {{a^^ti, . . . , a^\tk-i), (cri ■ • • ak,(Jk+i, ■ ■ ■ , <^n) ■ z) 

Note that this scheme has a divisor given by Afe_i x Doo[n — k]. Note that the two 
divisors are isomorphic to D x A"~^ and that they have the same G[n]-action. 

Lemma 3.4.1. The fiber over Kk is given by the following isomorphism of G[n]- 
schemes. 

Z[n] Xa" Kk = {Z\k - 1] X A"-'^) U^xa—i (A''"^ x A[n - k]) 
where U73 denotes union identifying the divisor on each scheme. 

Proof. This follows from standard facts about blow-ups and by induction. □ 

By induction, we can give a description of fibers over closed points. Let t G A" 
have I zeroes among its coordinates. Then the fiber of Z[n] over t is iZ. 

An analogous result holds for A[n]. Let us put the following G[n]-structure on 

A[k - 1] x A"-*^ 

(O"0, O"!, . . . , (T„) • (z, {tk+1, ■ ■ ■ ,tn)) (((To, (Tl, . . . ,0-fc-l) • {(T'l^litk+l, ■ ■ ■ , (^n^tn) 

Note that this scheme has a divisor D[j[k — 1] x A""*^. Let us also consider A*^"^ x 
A[n — k] with the G[n]-action given by 

((To,(Ti, . . . ,CT„)-(ii, . . .,tk-i,z) !-»• {{a^^ti, . . . ,a^\tk-i), ((Tofi . . . CTfe, CTfe+i, . . .,an)-z) 
Note that this scheme has a divisor given by A*^~^ x D^[n — k\. 
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Lemma 3.4.2. The fiber over is given by the following isomorphism of G[n]- 
schemes. 

A[n] Kk = {A[k - 1] X A"-'=) U^, (A^^-^ x A[n - k]) 

Let f e A" have I zeroes among its coordinates. Then the fiber of A[n] over t is 
iP. 

3.5. Pre-deformable Families. Note that S'mg{kZ), the singular locus of kZ is 
the disjoint union of k copies of D, which we label Di,. . . , Dfe-i where = £>oo C 
Pi. 

Definition 3.5.1. A morphism f : C ^ kZ is said to be pre-deformable if f^^{Di) 
is the union of nodes so that for p S f~^{Di) {i = 1,2,..., k), the two branches 
of the node map to different irreducible component oi kZ and that the order of 
contact to Di are equal. 



An obvious analogous definition exists for morphisms to feP. 

There is a precise notion of pre-deformable families of morphisms given in terms 
of local models. See [11] for details. 

Definition 3.5.2. A morphism of a pre-stable family with marked points over a 
scheme S consists 



(1) A family of targets, 

Y e Obj(.E'''='(5)) 

(2) A pre-stable family X ^ S. 

(3) A morphism / fitting into 



X 




Y 



S 

(4) Morphisms 71, . . . , 7^ : 5 ^ A" 



so that in a neighborhood Sa —>■ S where Z Xs Sa is given by a morphism to A", 
the diagram looks as follows 

/ 



X 



7iv,7ic 



where 



(1) / is a pre-deformable morphism. 
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(2) 71 , . . . , 7fe are disjoint section of X ^ S whose image does not intersect the 
nodes in the fibers of X ^ S. 



The image of 7 are marked points. We will often be distinguishing a particular 
marked point and write the following diagram 

/ 




where 72, ■ • ■ , 7fc are present, but are suppressed in our notation. We will often refer 
to a distinguished marked point in the above sense. 

Definition 3.5.3. Two morphisms of pre-stable families over S, indexed by z = 1, 2 

fi 

Xi s- Zi 



s 

are isomorphic if there exists an isomorphism over S 

p:X^^X2 

and an arrow in Z^'^'' {S) 

T : Z\ ^ Z2 
so that the following diagram commutes 




and 



for j = 1, . . . , fc 



P ° 71,. 



72,: 



Definition 3.5.4. A morphisms of families over S is said to be stable if for every 
point s ^ S, the automorphisms of the family restricted to s is finite. 



As in absolute Gromov-Witten theory, a contracted curve (one mapped to a 

point) occurring as a component in a family is unstable unless it has genus greater 
than or equal to two, at least one marked point if genus is equal to 1, at least 
three marked points if genus is equal to 0. In the relative case, we have to consider 
the phenomenon of curves mapping to a degenerated target iZ where we have a 
C* dilating the fiber of each copy of P. It is shown in ([11], lemma 3.2) that a 
morphism f : C ^ iZ that does not involve any unstable contracted components 
is stable if and only if for every i, there is an irreducible component of C mapped 
into Pi by / that is not a trivial component, that is, a rational curve lying in a fiber 
of P — > X, totally ramified at points mapping to Do and Doo- 



LINE-BUNDLES ON STACKS OF RELATIVE MAPS 



15 



Analogous definitions hold for morphisms to A[n]. For a map f : C ^ iP, ii f 
does not involve any unstable contracted components, then / is stable if and only 
if for every i, some irreducible component of C that is not a trivial component is 
mapped into Pj. 

3.6. The Moduli Stacks. We need to specify the appropriate data for the moduli 

stacks A4{Z, Tz), M{A, Ta)- Let us begin with M{Z, F). Here we consider stable 
maps to Z with specified tangency to D together with marked points, called interior 
marked points whose image is not mapped to D by /. We will assume that the points 
that are mapped to -D by are also marked. Those marked points will be called 

boundary marked points. 

Definition 3.6.1. A relative graph F is the following data: 

(1) A finite set of vertices V{r) 

(2) A genus assignment for each vertex 

g : V{T) ^ Z>o 

(3) A degree assignment for each vertex 

d:y(r)^Bi(Z)=^i(Z)/aig 

that assigns the class of a curve modulo algebraic equivalence to each vertex. 

(4) A finite set i? = {1, . . . , r} labelling boundary marked points together with 
a function assigning boundary marked points to vertices 

OR-.R^ V{T) 

(5) A multiplicity assignment for each boundary marked point 

/i : i? ^ Z>i 

(6) A finite set M = {1, . . . , m} labelling interior marked points together with 
an assignment to vertices 

aM-M^ V{T) 

Definition 3.6.2. Given two relative graphs F, F' are said to be isomorphic if 
there is a bijection 

q : v{r) ^ v{r') 

such that 

(1) 9iv)=g'{q{v)) 

(2) d{v)^d'{q{v)) 

(3) a'^(«) = q{aR{i)) 

(4) ^'^ = HR 

(5) a'^ii) = q{aM{i))- 

Definition 3.6.3. Let F be a relative graph. A morphism of families of type F over 
S consists of a stable morphism of a pre-stable family with marked points where 
Z G Obj(.E-'(5)) 
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7iv>7m,i5i>---ii5r- 



such that for any closed point s G S, the fiber Xg = X Xs s obeys 

(1) Xg can be written as a disjoint union of pre-stable curves {Xg)y S 

vev{r) 

(2) {Xs)v is a connected curve of arithmetic genus g{v). 

(3) The map 

(co/,) : {Xg),^Z^Z 

has (co fs)*{{Xs)v)s = d{v). Note that the map Z ^ Z is induced from 
the map Z[n\ Z. 

(4) 7i(s) C {Xs)y for V = auii)- These are the interior marked points. 

(5) 5i{s) C {Xs)y for V = aii{i). These are the boundary marked points. 

(6) There is the following multiplicity condition 

f*D[n]=J2Kms) 

Definition 3.6.4. A morphism of families of type F is said to be a nice family if 
the target Z is an effective family, that is the the morphism be expressed as 

/ 



X 



71. 



,Sl,...,Sr 



Definition 3.6.5. The category M{Z,r) is the groupoid over (Sch) so that for a 
scheme S, the objects of Ai{Z,T){S) arc morphisms of families of type F. Given 
a morphism a : S ^ T, families G M{Z,T){S), 6 S M{Z,T){T), an arrow 
^1 ^2 is an isomorphism over S of with (7*^2 • 

Theorem 3.6.6. [11] M{Z,T) is a proper Deligne-Mumjord stack. 



Given a family 



X 



71. 



■.7m,i5l.---,*r 



we have morphisms S ^ Z given by 

{co foj,) : S ^ X Z[n] Z 

{co f oSi) : S ^ X ^ D[n] D 
These maps extend to M{Z,r) giving evaluation maps evj : A4{Z,T) Z a,t the 
interior and boundary marked points. 
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Definition 3.6.7. The evaluation map on j\4{Z,r) is 

Ev : MiZ,T) ^Z" xD'' 

Definition 3.6.8. An etale nice family S — > Ai{Z,Tz) is said to be a nice chart. 

Theorem 3.6.9. ([II], Theorem 3.10) M{Z,Vz) has an atlas that is a union of 
nice charts. 

Tlie case for cm{A, T) is analogous with only a few modifications. 
Definition 3.6.10. A rubber graph T is the following data: 

(1) a finite collection of vertices V{T) 

(2) A genus assignment for each vertex 

g : V{T) ^ Z>o. 

(3) A degree assignment for each vertex 

d: F(r) ^Si(X) = Ai(X)/a,g 

that assigns the class of a curve modulo algebraic equivalence to each vertex. 

(4) A finite sets Rq = {l,...,ro}, Roc = {l,--->?'oo} labelling boundary 
marked points together with a function assigning boundary marked points 
to vertices 

ao : Ro^V{T) 
aoo ■■ Roo^ V{r) 

(5) A multiplicity assignment for boundary marked points 

f/' : i?o — Z>i 
At°° : Roo Z>i 

(6) A finite set M = {1, . . . , m} labelling interior marked points together with 
an assignment to vertices 

aM-M^ V{T) 

Definitions of morphisms of rubber families are analogous with Z's replaced with 
A's and the following modifications. The degree assignment is 

d{v) e Bi{X) 

Instead of sections 5i,. . . ,5r, we have sections 

so that 

rDo[n] = 1^ /x°(i)<5°(a) 

i&Ro 
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Theorem 3.6.11. For a rubber graph T, JV[[A,T) is a proper Deligne-Mumford 
stack. 

We have analogous evaluation maps evj at the interior and boundary marked 
points (mapping to Do and D^). 

Definition 3.6.12. The evaluation map on M{A,T) is 
Ev : M{A,T) ^ X" X X'^" X 

Now, we introduce some notation which will be essential in the sequel. 

Definition 3.6.13. A map f : C ^ kZ in M{Z, T) is said to be split if fc > 1. The 
irreducible components of C that are mapped to Pj C kZ are said to be extended 
components. 

An analogous situation occurs for M{A, T). 

Definition 3.6.14. A split map in A4{A,T) is a map f : C ^ kP where fc > 1, 

that is, the target is not smooth. 

Definition 3.6.15. For a map f : C ^ kP mAi{A, F), the irreducible components 
of C that are mapped to Pk are said to bo the top components while the components 
of C that are mapped to Pq are said to be the bottom components. 

3.7. Gluing Moduli Stacks. Consider a projective manifold Z, together with 
a smooth divisor D. We will consider the relative moduli stack ^4{Z,^z) cor- 
responding to {Z,D). Let us look at the rubber moduli space corresponding to 
{X = D,L = Nd/z) where Nu/z is the normal bundle to D in Z. M{A,Ta) 
corresponds to certain maps that are added to maps in M(2,Tz) to compactify. 
There is a specific way to join M{Z, Tz) to M{A, Ta) if some conditions are met. 
Likewise we can join some M{A, F^) to M{A, Fj) if similar conditions are met. We 
make these conditions precise below. 

Definition 3.7.1. Let Tz be a relative graph and F^ be a rubber graph. Suppose 
that L : RZ — > RAao is a bijection from the labelling sets for boundary marked 
points in to the labelling sets for boundary marked points mapping to in 
F^ so that 

^,z{q)=l^^iL{q)). 

Let 

J:MzUMa^{1,..., \Mz\ + \Ma\] 
be a bijection between the labelling sets of the interior marked points and a sot of 
\Mz\ + l-M^I elements. We call the data {Ta,Yz,L, J) a graph-join quadruple. 

Colloquially, we've matched boundary marked points on Tz and F^ with the 
same multiplicity. 

Definition 3.7.2. Define the graph join Ta Tz to be the following relative 
graph. Let the graph A be obtained by taking as vertices the vertices of Tz and 
Ta and for every q G RZ, place an edge between the vertices corresponding to q 
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and L{q). Let Ta be given as follows. The vortices of F = Ta ^ z are 

the connected components of A. Let bz : V{Tz) V{T), and bA ■ V{Ta) V{T) 
be the functions taking vertices of Ta and Ta to the components in A containing 
them. For v G ViT), let A^ be the connected component of A corresponding to v. 
Define the data for F^ Tz as follows: 

(1) .90^) = (E.e6-(.) 5H) + (E.„,efa-(.) + ^Mh^K)) 

(2) d{v) = (E.g,-i(„)rfH) + (E.e6-W**<^)) ^here i : X 
inclusion and : Bi{X) Bi{Z) is the induced map. 

(3) R = RAq with aR:R^V{T) given by 

aR = bAO ao 

(4) /X : i? ^ Z>i given by 

IJ-R = M° 

(5) M = {1, . . . , \Mz\ + \Ma\} with assignment function a : M - 
for A; e J(Mz) by 

a(A;) = 6z o omz o -/"^ 
while for k G J(Ma) by 

a(A;) = bA° o-ma ° 

Given {Tz,Ta,L,J) as above, consider the evaluation map at the boundary 
marked points on M{Z,Tz) followed by a map L^, : ^ which reorders the 
products of according to L: 

o EvB ■■ M{Z, Tz) D'' D'' 

and the evaluation map at the boundary marked points mapping to D^o = X on 
M{A,Ta), 

'&yr^:M{A,Va)^D^. 
Theorem 3.7.3. [11] There is a morphism 

^Tz,T^,L,j ■ M{A,Ta) xor M{Z,Tz) ^ M{Z,Ta *l,jTz). 

Proof. We look at the morphisms in charts and glue curves together to form nodes. 

□ 

Definition 3.7.4. Define the stack M{AU Z,Ta ^z) as the image stack of 
^ in M{Z,Ta*l,jTz). 

Consider RZ as part of the data of Fz • An automorphism of RZ is a permutation 

(7 : RZ ^ RZ 

so that j2z{o'{i)) = l^z{i) and aijz(<j(i)) = aiiz{i)- The group of all such auto- 
morphisms is denoted by Autr z{RZ). Likewise, we may define Autr^(-R^o) and 
Autr^ (-Rj4oo). Given L : RZ RAoo, wc may define Autr^,r2,L(-R^, -R^oc) as 
the subgroup of Autrz(-R.Z') x Autr^ (-R^lcxi) such that for (cr, t) G Autrz(i?^) x 
Autr^(i?^oo) we have L{a{i)) = T{L{i)) for 1 < i < \RZ\. 



Z is the 



V{r) given 
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Lemma 3.7.5. ([11], Proposition 4-l<^) ^ is finite and etale onto its image. It has 
degree equal to 

at every integral substack of M{A\-i Z, Va Tz). 

Definition 3.7.6. Two quadruples are said to be join-equivalent if tliey give the 
same image under $ 

By straightforward combinatorics, we get that there are 

'^'"^" |Autr.,!^i^,i;A^)| 
graph-join quadruples in (rz,r^,i, J)'s equivalence class. 
Corollary 3.7.7. Consider a join equivalence class of quadruples 

[r] = [{Tz,rA,L,j)]. 

LetN = M{AuMZ,T). Let 

Mr= U M{A,T'A)xDrM{Z,T'z) 

where the disjoint union is over quadruples join-equivalent to T. Then : M — > 
N is an etale map of degree 

\Mz\\\MA\mz\^-f 

Likewise, we may define graph-join for rubber graphs, Tt, Tb (where t and b 
stand for top and bottom). Let L : Rbo Rtoo be a bijective function satisfying 

M=f^r{L{q)). 

Let 

J-.MbUMt^ {!,..., |Mb| + \Mt\} 

be a bijective map. Then we define the graph join, a rubber graph F = *i j F;, 
as above, except that instead of condition (3) above, we have 

■Rq = RtOi flo = bAt ° Clot 

Roo = Rbool (^oo = &A(, ° a^ob 
M — Mfe • 

Now, let r = \Rbo\ = \Rtoo\- Exactly as above, we have 
Theorem 3.7.8. There is a morphism 

$ : M{A,TaJ Xnr M{A,TaJ ^ M{Z,Ta, *l,jTaJ. 
that is of finite, etale of degree | Autr^j_,ryij,i(-R^50j -R^too)] onto its image. 
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Corollary 3.7.9. Consider a moduli stack N = M{A,TAt ^At)- Let 

where the disjoint union is of quadruples which give $ with image N. The M ^ N 
is an etale map of degree 

|M^J!|M^J!(|i?^,o|!f 

3.8. Virtual Cycles. In [12], Li constructs a virtual cycle on A4{Z,T). This is 
accomplished by first constructing a perfect obstruction theory. This obstruction 
theory is defined over charts as a particular two-term complex. The complex over 
charts is constructed by considering charts of M{Z[n],rY*^ , a moduli stack of stable 
maps of type F satisfying the pre-deformability and the stability conditions but not 
quotiented by the G[n] = (C*)"-action. Li then uses a theorem ([12], Theorem 2.2) 
to quotient the complex by the action induced by the Lie algebra of G[n]. This 
complex gives a perfect obstruction theory on a chart on M.{Z,T). This yields a 
perfect obstruction theory on M{Z,T). 

It is completely straightforward to apply this construction to M{A,r). Instead 
of using M{Z[n],ry*^ , one uses M{A[n],Ty^ . One modifies the complex to enforce 
particular multiplicities to Dq and D^o instead of D. Then one applies Theorem 
2.2 of [12] to quotient the complex. One uses G[n] instead of G[n], but other than 
that, the proof is unchanged. One then obtains a perfect obstruction theory on 
A4{A,T). The virtual cycle follows from Li's very general construction. 

4. Line-Bundle Systems 

We introduce the notion of a line-bundle system. This is a sequence of line- 
bundles L[n] on A", Z[n], or A[n] with certain transition properties. They will 
induce line-bundles on the stack of relative stable and rubber morphisms. In more 
esoteric language, line-bundle systems are line-bundles on the stacks of degenera- 
tions Z'^^^, ^l""**' and their universal targets. We've chosen to use more primitive 
notions for the sake of readability. 

4.1. Definition of line-bundle Systems. 

Definition 4.1.1. A base of a line-bundle system is a triple {B[n],H[n\, {i}) where 

(1) J5[n] is a sequence of schemes. 

(2) H[n] is a group acting on B[n]. 

(3) {i}, a set of morphisms of swags i : B[n — 1] ^ B[n] ior varying n, called 
standard inclusions. 

The bases that we shall are the following: 
(1) A = (A", G[n], {i}) where {i} are the standard inclusions. 
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(2) Z = {Z[n]MrA,{i})- 

(3) B = (A",GK{i}). 

(4) A={A[n],G[n],{i})- 

Definition 4.1.2. A line-bundle system on {B[n],G[n],{i}) is a sequence of G[n]- 
equivariant line-bundles L[n] on B[n] for each non- negative integer n together with 
a line-bundle isomorphism i' : L[n — 1]= i*L[n] for every standard inclusion i such 
that 

(1) L[n] is an equi variant line-bundle on B[n] under group action H[n]. 

(2) The group action on L[n] commutes with standard inclusions. That is, 
given a standard inclusion 

i: B[n-1]^ B[n] 

U : H[n - 1] ^ H[n] 
then i*I,[n] is isomorphic to L[n — 1] as H[n — l]-equivariant bundles. 

4.2. Induced Line-Bundle Systems. 

Proposition 4.2.1. (1) A line-bundle system L[n] on A naturally induces a 
line-bundle system on Z. 
(2) A line-bundle system L[n] on B naturally induces a line-bundle system on 
A. 

Proof. This follows from the fact that the morphisms 

p : Z[n] A" 
p : A[n] A". 

are equivariant and commute with standard inclusions. □ 

There is a natural notion of a map between line-bundle systems. Let B[n] be 

the base of a line- bundle system with group _ff[n]. 

Definition 4.2.2. A map between two line-bundle systems L[n] and M[n] over a 
base B[n] is a sequence of line-bundle isomorphisms f : L[n] ^ M[n] such that 

(1) / is an equivariant map under H[n] 

(2) The map / commutes with standard inclusions. 

There is also a natural, obvious notion of tensor product of line-bundle systems. 

We can also define sections of line-bundle systems. 

Definition 4.2.3. A sequence of sections s[n] : B[n] — > L[n] is a section of the 
line-bundle system if 

(1) s[n] is equivariant under H[n]. 

(2) s[n] commutes with standard inclusions. 
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4.3. Reference Line-Bundle Systems. We have several a line-bundle system 
that will be very important in the sequel, the reference line-bundle systems. 

Proposition 4.3.1. There is a line-bundle system, V[n] on Z together which a 
section s[n] that when restricted to Z[n] has D[n] as its zero divisor. 

Proof. {V[n],s[n]) is defined by Lemma 3.1.5. It is straightforward to verify that 
V[n\ is a line-bundle system and s[n\ is a section. □ 

There is an analogous result for A[n\. 

Proposition 4.3.2. There are line-bundle system,s, V{)[n],Voo[n] together with sec- 
tions So[n\, Sao[n] on A whose corresponding divisor on A[n] are DQ[n], D^[n]. 

Proof. Let us first construct VqoM, SooW- 

Let Voo[0] = 0{1) with linearization dual to 0{—l) with 

fTo • {l,t) i(Tol,t). 

Loc[0] has a canonical section Soo[0] which is dual to a section Soo[0]^ given by 



Soo[0] is an equivariant section with zero scheme Dqo- Define Voo[^^],SooM by 



Likewise Lq[0] to be the hne-bundle on A[0] dual to 0{—l) (g) with the lin- 



sop]"^ -.[l-.t]^ {l,t)®ai 

where a; € L'^ is defined by ai{l) = 1. so[0] is an equivariant section with zero 
scheme Dq. Vo[n],so[n] are given by Define Vooiv^JiSooM by 




V^[n] = 
Soo[n] = 



b*Vo^[0] 
b*soo[0]. 



earization 



(To • {{I, t)iS>a) = {aol, t) (g) ctq ^a 



so[0] is defined as the section dual to 



Vo[n] = t*Vo[0] 
so[n\ = t*so[0]. 



□ 
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5. Line-Bundles on the moduli stacks 



In this section, we will define bundles on M{Z,rz) and A4{A,rA.)- We begin 
with the bundles on M.[Z,Tz)- They are 

(1) Dil, a line-bundle that has a section whose zero scheme is supported on all 

split curves. 

(2) Lj^ext where i is an interior marked point (3.6.3), a line-bundle that has a 
section whose zero scheme is supported on split curves where i is mapped 
to an extended component (3.6.13) of the target. 

5.1. Line-bundles on stacks. Let us recall some definitions from [13]. 

Definition 5.1.1. Let F be an algebraic stack. A line-bundle £ on F can be given 
by the following data 

(1) A particular atlas U together with a line-bundle £u on U. 

(2) For the fiber product 

UxpU 




U U 

we have an isomorphism a : p*Cu — * P2^u that satisfies the cocycle con- 
dition. That is, onUxpUxpU with pij : UxpUxpU^U Xp U 
e {1, 2, 3}, i ^ j) being projection onto pairs of factors, we have 

P23" ° Pi2^ = : Pi^u -> pI£u 

Wo will use atlases which have nice properties over which it will be simple to 

define lino-bundlcs. 

Definition 5.1.2. A property (P) of a morphism from a scheme to an algebraic 
stack F is said to be preserved under pullhack if given any morphism S ^ F, from 
a scheme to F with property P and any morphism of schemes T — > 5 then the 
composition 

T^S ^ F 

has property (P) 

An example of a property that is preserved under puUback is for a morphism 
S M.{Z,T) to be written as the disjoint union 5* = JJS'c so that each Sa — 
M{Z,T) is a nice family. Another example which we will meet later (Definition 
6.1.1) is that of a family being the disjoint union of i-admissible families. 

Let us suppose that we have an atlas with a property (P) that is preserved under 
pullback. Now, instead of specifying the line-bundle on a particular atlas, we can 
specify it, a fortiori, over all morphisms S ^ F with property (P) provided that it 
satisfies certain pull-back and transition properties. 
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5.2. line-bundles on j\4{Z,r) from Line-Bundle Systems. Now, we restrict 
to the case where the stack in question is A4{Z,rz)- The results are equally true 

for Ai{A.rA) if wc replace Z's with ^'s and G[n]'s with G[n]'s. Property (P) will 
be that a morphism S M{Z, F) can be written as a disjoint union of nice families 



Theorem 5.2.1. A line-bundle system on A induces a line-bundle on A4{Z,r) 



Proof. As above, wc set property (P) to be that for S M{Z, T), S can be written 
as the disjoint union of Sa where each Sa is a nice family. 



Given a nice family on A4{Z, F), 

X^^Z 



5- 



h 

define a line-bundle i on as h*L[n]. This is well-behaved under pull-backs. 



Now, we have to consider the transitions. Since the definition only depends on 
h, not on /, we need only consider isomorphisms 5 Xa"i Z[ni] S Xa"2 Z[n2] 
which can be written locally as effective arrows. We can factor these as transitions 
under standard inclusions and the action oi p : S ^ G[n]. But this transition data 
is exactly specified by the definition of a line-bundle system. It is standard to verify 
that the cocycle condition is satisfied. □ 



Given an interior marked point, we can study the line-bundle on M.{Z,T) in- 
duced by a line- bundle system on Z. 

Theorem 5.2.2. A line-bundle system on Z together with the choice of an interior 
marked point induces a line-bundle system on ^4{Z,^). 



Proof. Consider the nice chart 



X- 



where 7 is the section corresponding to the interior marked point. We define a 
bundle L on 5 by 

L=(/o7)*L[n]. 

□ 
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Wc have the following simple facts 

Lemma 5.2.3. Given line-bundle systems on A or Z, L[n],M[n], L[n] (8) M[n], 
then if L, M, N are the line-bundles induced by M.{Z,T), respectively then 

N = L(giM 

Lemma 5.2.4. A section of a line-bundle system on A or on Z gives a section of 
the induced line-bundle on A4{Z,r). 

5.3. The Dilation Bundle. In this section, we define the dilation line-bundle, Dil 
on M{Z, r) induced from a line-bundle system. The name "dilation bundle" comes 
from the dilation of the fibers of P = Pd(A^ ® 1) where N is the normal bundle to 
D m Z and is not related to the dilation equation in Gromov-Witten theory with 
descendants. 

Dil is induced from a line-bundle system on A. We define the line-bundle system 
DIL[n] as follows. Let DIL[n] be the trivial line-bundle, 1a" on A" with G[n] 
action given by 

((Tl, . . . ,(7„) • S = ((Tl . . .(T„)"^S 

Proposition 5.3.1. The line-bundle system DIL[n] has a section. 
Proof. Consider the section of DIL[n] over A" defined by 

, . . . , Xji^ — Xi . . . Xji . 

□ 

Dil has a simple geometric interpretation which will be proved later: ci(Dil) on 
M.{Z, r) is (counted with multiplicity) the locus of split maps. It is easy to see that 
is a reasonable fact. Dil has a section whose zero scheme are split maps: this section 
is induced from a section of the line-bundle system DIL[n\ on A"; the zero-scheme 
of this section is the the union of hyper-planes in A" consisting of points with at 
least one coordinate equal to 0; the fiber of Z[n] — > A" over any closed point in this 
scheme consists of a non-smooth target. 

5.4. Definition of Lj^ext- Consider A4{Z,r) with at one distinguished interior 
marked point, which we will call i. We define a line-bundle Lj^ext which will have 
a section whose zero stack is supported on split maps where the marked point i is 
mapped to an extended component of the target. This line-bundle is induced from 
a line-bundle system on Z. 

We define LE[n\ on Z[n\. Recall that Z[0] = Z. D c Z is a Cartier divisor 
and is the zero-section of a section s of a line-bundle V on Z. Define iiJ[0] = V, 
LE[n] = c*LE[0] where c is the collapsing map 

c : Z[n] Z. 

Lemma 5.4.1. The line-bundle system LE[n] has a section. 
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Proof. Define the section by 

se[n] = c*s. 

□ 

Note that if we take a closed point p G A" then s*c is zero on the extended 
components of Z[n] Xj^n p. 

Theorem 5.4.2. Lj^ext is canonically isomorphic to ev*L. 

Proof. On S — > M.{Z,T), a family of Ai{Z,T), we have the diagram 

/ 



1 



n]-^Z 



But, ov*L = (co f o j)*L which is canonically the line-bundle induced on S by 
the line-bundle system LE[n]. □ 

5.5. Line-Bundles on M{A,r) from Line-Bundle Systems. In this subsec- 
tion, we define the following bundles on A4{A,r) which are induced from line- 
bundle systems: 

(1) L'', the target cotangent line-bundle at Xq. ci(L°) = is the target ^ 
class of [1]. 

(2) L°°, the target cotangent line-bundle at X^o which is L°'s upside-down 
analog. Ci(L°°) = *oo- 

(3) Split, the Split bundle which has a section whose zero stack is supported 
on all split maps (Definition 3.6.14). 

(4) Lj^not top J the not-top bundle with respect to a distinguished interior marked 
point i. This bundle has a section whose zero stack is supported on split 
maps where the ith marked point is not on a top component. 

(5) Lj^not bot, the not-bottom bundle with respect to a interior marked point 
i. This bundle has a section whose zero stack is supported on split maps 
where the zth marked point is not on a bottom component. 



We prove the following relations among bundles which will be used in the sequel. 

L° ® = Split 

^i,not top 



L°(8)ev*i^ = Li 



Li, not top 



5.6. Line-bundles on M{A,T) from line-bundle systems. Line-bundles can 

be defined on A4{A,T) by defining them over nice families, or more generally on 
charts with a property (P) preserved under puUback (5.1.2) so that there is an atlas 
with property (P). 
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5.7. Definition of L° and L°°. is induced from a line-bundle system on B. 

We define the line-bundle system T[n] as follows. Let T[n] be the trivial line- 
bundle, 1a" on A" with G[n\ action given by 

((To,CTi, . . . ,o-„) • s = ((ToCTi . ..an)~^s 

Therefore the maps in the following diagram 

T[n] T[n] 



are given as 



S H^- (cToCTi . . .cr„) 

i _ i 

(a;i, . . . ,a;„) (cti . . . , cr~ia;„) 



The transition map under an effective inclusions i is trivial. We call the induced 
line-bundle L*^. 

The definition of L°° is similar to that of L*^. It is induced by_^a line-bundle 
system B[n]. B[n] is the trivial line-bundle 1a" on A" under the G[n]-action 

((To, (Tl, . . . , (T„) • s = aos 

and trivial transition map under effective inclusion. 

L° and L°° can be given an interpretation in the stack of rational sausages, the 
substack of 5I'lo,2 consisting of pre-stablc curves so that the two marked points lie on 
different sides of every node. L° and L°° are equal to the puUbacks of the cotangent 
line classes at the two marked points. See [5] for an elaboration. 



5.8. The split bundle. We define Split to be the bundle on ^A{A, F) induced from 

the line-bundle system on B given by the trivial bundle S[n] = 1a" on A" with the 
trivial transition map under effective inclusion and the following G[n]-action: 

(ctq, (Ji, . . . , cr„) • S = (di . . . an)~^S. 

Proposition 5.8.1. The line-bundle system S[n\ has a section. 

Proof. The proof is identical to the one for DIL[n], (Proposition 5.3.1). □ 
Proposition 5.8.2. 1° (8)L~ = Split 



Proof. Because T[n] ^B[n] = S[n] as line-bundle systems, the induced bundles are 
equal. □ 
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Split has a simple geometric interpretation analogous to that of Dil. On A" under 
G[n], Split has a section given by X1X2 . . . x„. The zero-scheme of this section is the 
the union of hyper-planes in A" consisting of points with at least one coordinate 
equal to 0. We know that the fiber of A[n] — > A" over any closed point in this 
scheme consists of a chain of more than one P's. These sections glue together to 
form a section of Split on A^(^, F). It follows that Ci (Split) on A4{A, T) is (counted 
with multiplicity) the locus of split maps. 

If we consider the stack of rational sausages where L'' and L°° are the restriction 
of ip classes on 9}lo,2, this relation is the puUback of the genus recursion relation 
of Lee and Pandharipande [9]. 

5.9. Definition of L;_not top- Consider Ai{A,T) a moduli stack of rubber maps 
with a distinguished interior marked point, i. We will define two bundles L^.not top 
and Li^not bot on M{A,T) with very clear geometric meanings. ci(Li_not top) will 
be supported on the substack of relative stable maps consisting of split maps where 
the ith interior marked point does not lie on the top component of the target while 
Ci(Li,not bot) will be the substack where the ith interior marked point does not lie 
on the bottom component. Many geometric results follow from equations relating 
Li,not top,Li,not bot to othcr line-bundles. 

Li, not top and L^^not bot are induced from line-bundle systems on A, NT[n] and 
NB[n], respectively. 

Let NT[0] be the equivariant bundle on 

A[0] = F{L e 1) 
which is dual to 0{—l) with the G[0]-action 

fTo • {l,t) = {(Tol,t). 

Let NT[n] = t*NT\{)] where t : A[n] A[0] is the map given in Definition 3.3.5 

Note also that NT[0] has a section s whose zero-scheme is £>oo so NT[n] has a 
section t*s. If we look ;P, the fiber over a point x G A", we see that this section is 
zero on Pq, . . . ,Pi-i and is non-zero on P; away from Dao- 

For i, an interior marked point for M{A,r), L^^not top is the line-bundle on 
M{A, r) induced by NT[n] and i. 

Li,not bot is defined similarly. Let NB[0] be the equivariant bundle on ^[0] = 
¥x{L e 1) dual to 0{-l) (g) with the G[0]-action- 

(70 • ((/, i) (g) a) = {aol, t) ig) a^^a. 

NB[n] is given by h*NB[Q]. 

For i, an interior marked point for M(A,T), Li, not bot is the line-bundle on 
M{A,T) induced by NB[n] and i. 
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5.10. The Reference Line-Bundles. Earlier, we defined line-bundle systems 
Vo[n], Voo[n] on A. 

Proposition 5.10.1. The line-bundles induced by Vo[n], Vao[n] on A4{A,r) are 

trivial 



Proof. We produce a canonical nowhere-zero section of the induced line-bundle by 
Vo [n] . The case of Voo [n] is analogous. Recall that the line-bundles are defined on 
each nice chart 

X — ^ A\n\ A[0] 



Vo is defined on S to be 

Vo = ifojrVo[n]. 

It has a section (/ o 7)*so[«]- Since So[n] is non-zero away from DqIu] and interior 
marked points are not mapped to DoH, the pulled-back section is non-zero. It is 
easy to verify that this section transformers properly. □ 



5.11. The Evaluation Map and Line-bundle System. 

Lemma 5.11.1. Let i be an interior marked point on Ai{A,T), and let M be 
a line-bundle on X. Then there is a line-bundle system M[n] on A so that the 
line-bundle it induces on M.{A,T) at i is ev*M 



Proof. Given a nice chart, we have the diagram 



n 



X 



Let M[n] = n*M. M[n] is easily seen to be a line-bundle system, and since 
TT o / o 7 = evj, induced line-bundle is ey*L. □ 

5.12. The Marked Point Interpretation of the Top Bundle. By relating the 
various bundles described in this section, we can find significant geometric facts. 

There is one geometric interpretation of the top bundle that will be supremely 
useful in the sequel. This interpretation was first advanced by Andreas Gathmann 
in conversation with the author. 

Let A4{A,r) be the moduli stack of rubber maps with a distinguished interior 
marked point, i. Consider the evaluation map 

evi ■.M{A,r)^X 
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at i. 

Theorem 5.12.1. L° (S)ev*L'^ = Li^not top 



Proof. It suffices to prove that L° (g)ev*L (g) Li^not top is the trivial bundle. To do 
this, we will show that the line-bundle system on A that induces (8)ev*L (g) 
Li,noi top is line-bundle system-isomorphic to Vo[n] which induces the trivial bundle 
on M{A,T). 

Consider the following diagram of swags where X is equipped with the trivial 
group action 

A[n] > A[0] 




X 



Consider also the map of swags p : A[n] ^ A". 

Let us review the bundles involved They are pullbacks of bundles from A[0] by 

t*. 

(1) is induced by the bundle 6[n] = p*T[n]'^ on A[n], where T[n]^ is the 
trivial bundle on A" with the ^^[n] -linearization 

(O-Q, 0-1, • • • , CT„) • S = {(To(Tl . . . (T„)S. 

Note that e[n\ = t*0[O] where 6'[0] is the trivial bundle on A[0\ under the 
action 

ao - s = aos. 

(2) cv*L is induced by the line-bundle system n*L on A[n\. But 7r*L = t*7r*L. 

(3) U,not top is induced by NT[n\ = t*NT[0]. 

(4) A trivial bundle is induced by Lo[n] = rLo[0]. 

Therefore, to prove 6[n] ^ e* L <S: NT[n] = Loin], as a line-bundle system on A[n], 
it suffices to verify 

e[0] ^ e*oL (g, NT[0] = Lo[0] 
on A[0] = P which is straightforward. □ 

Likewise, 

Theorem 5.12.2. L°° ®ev*L = Li^not hot 



Proof. The proof is exactly analogous to the above. 



□ 
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5.13. Boundary class interpretation of L*^. There is an interpretation of L° 
in terms of ip classes at boundary marked points. Consider M{A,T). Let j be 
a boundary marked point evaluating to Xq with multiplicity m. Let Lj be the 
tangent space at the jth marked point. Then, we will show L° = (Lj)"' ® evJ'L. 
This relation tells us that nothing new can be found in rubber theory with xj) classes 
at the boundary marked point. Also, since this formula is independent oii, we can 
relate ij) classes at different boundary marked points. 

Theorem 5.13.1. L" = {L))®"" ® ev*L 



Proof. We prove this by exhibiting a regular, nowhere vanishing section of this 
bundle. 



We need to consider the line-bundle on (A, F) induced from a line-bundle 
system on ^ by a boundary marked point. This is idcntic;al to a line-bundle induced 
by an interior marked point except for the following modification. Given a line- 
bundle system L[n], consider the nice chart on M{A, F) 



where 6 is the section corresponding to the boundary marked point evaluating to 
Do- Then, set L = {f o5)*L[n]. This is seen to give a line-bundle on A4{A, F). Let 
V be the line-bundle induced by Vo[n] at j. 

Lemma 5.13.2. V = L°'^ ^ 



)eVjL 



Proof. We show that Vo[n]^ ®p*T[n]^ (g) n*L has an equivariant section that does 
not vanish near the image of (/ o 7). 

Let us recall the morphism of swags 



t 


A[n] - 


- ^[0] 


p 


A[n] - 


A" 


TT 


A[n] - 


X 



Note that L'' is induced at the boundary marked point i from the line-bundle 
system p*T[nY . Note also that Vo[nY = t*Vo[QY , t^* L = t*TT*L, and p*T[n\^ = 
t*p*T[QY. Therefore, it suffices to show Lq[QY ®P*T[QY ®-k*L has an equivariant 
section that does not vanish near Dq. 

Now, ivo[0]^ is the bundle on A[0] equal to 0{—l) ® t^qL^ with the linearization 
(To • {{I, t)®a) = {aol, t) ® a^^a. 

It follows that Lo[Q)Y ®pIT[OY ® ttqL is 0{-l) with the linearization 

ao-{{l,t)) = {aol,t) 
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But 0{—l) has an invariant rational section that is well-defined and nonzero near 
Do = {[0 : t]}. □ 

Lemma 5.13.3. There is a nowhere vanishing regular section of {Lj)®"^ V. 



Proof. We observe that on a nice chart, 

- — s 

has a G[n\ -equivariant, nowhere vanishing, regular section. Since X/S is smooth 
near 7(5), we have 

5*{nx/sr"' ® f*VM = Hom(7V,^^)/^,7Vz3„NMN). 
But this bundle has a section given by the projection of the mth formal derivative 

Oi f to Nua[n\/A[n\- ^ 



□ 



6. Degeneration Formulae 



In the previous section, we have proved equations relating the line-bundle 

Dil, Split, Lj not top, Lj not bot 

to other line bundles on M.{Z,Tz) and AA{A,Ta)- The first Chcrn classes of 
these line-bundles represent specific geometric situations involving split curves. For 
example, ci (Split) is a substack of M.{A,T), that is, in a virtual sense, all split 
curves. ci(Lj,not top) virtually consists of all split curves in which the ith marked 
point is not on the topmost component. Of course, we are counting certain curves 
with multiplicity and there are virtual issues that make geometric interpretations 
inaccurate. Fortunately, by closely adapting the arguments in [12], we can make 
arguments compatible with virtual cycle constructions. This allows us to write the 
cap product of a first Chern class of one of our bundles with the virtual cycle in 
terms of the virtual cycles of smaller moduli spaces. 

We will express the first Chern class of various line-bundles geometrically by 

adapting Li's argument [12]. The argument is in several stages and wc state it only 
in the case M{Z,T) noting that the case for M{A,T) is exactly analogous: 



(1) For F, consider quadruples T — (T a,L, J) so that the graph join, 
Yz*L,j^A is isomorphic to F We can define a line bundle Ly on M.{Z, Tz)- 

(2) We show that 

ci(iT) n [A^(Z,r)]™ = m{T)[M{AUZ, T)]™ 

where m(T) is defined in Definition 6.5.1 and [M{AUZ,T)Y" is an ap- 
propriately defined virtual cycle. 
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(3) Given the joining morphism 

$ : M(A Ta) xd'- M{Z, Tz) ^ M{Z, Ta Ul,j Tz) 
and the diagram 

M{A,Ta) Xn^M{Z,Tz) ^ M{A,Ta) x M{Z,Tz) 

D'' ^ D"" X £>'■ 

A 

where A is the diagonal map. We have 

^,1^-{[M{A,Ta)Y" X [M{Z,Tz)Y") = [M{AUZ,T)Y'\ 

(4) Given a line-bundle L = Dil or L = L^ext (or in the case of JV[{A,T), 
Split, Lj^not top )L,, not bot)) we exhibit a set of join-equivalence classes f2 so 
that 

L = ®[r]^Q,Lr 

(5) Consequently 

ci(L) n [M{Z,T)Y" = J2 m{T)^.A\[M{A,rA)r x [M{Z,rz)Vn 
Ten 

To modify this argument to work for A4{Z,T), replace all pairs {Ta,^z) with 
(FtjFb) and replace Z with A. (4) is the only item significantly different from [12] 
to warrant much explanation. 



6.1. Local Interpretation of Lj^not bot- We study a section of Lj^not bot in the 
interest of proving (4) above. Recall that Lj.not hot is induced from a line bundle 
system on A called NB[n]. For the bottom map b : A[n] A[0], NB[n] = b*NB[0] 
where NB[0] = Vo[0]. Therefore, NB[0] is given on A[0] = Fx{L 1) by a bundle 
dual to 0(— 1) (8) under the linearization 

(To • ((/, t) a) = {{aol, t) (g) a-Q^a). 

Therefore, NB[0] has an equivariant section s[0] given by 

s[0]^ -.[l-.t]^ {l,t)^ai 

where ai G satisfies ai{l) = 1. 

Now, s[n] = b*s[0] forms a line bundle system section of NB[n] and therefore 
induces a section of Lj^not bot on M{A, F). 

We need to describe how s looks in charts. 

Recall that Kk is the hyperplane on A" cut out by tfe = and that 
A[n] XAn Kk = {A[k - 1] x A"-'^) Ud (A'^-i x A[n - k]) 
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Definition 6.1.1. A chart with a marked point, i, 



is said to be i-admissible for I G {0, 1, . . . ,n} if 

(1) ii I > 1 then S' X i^; is nonempty 

(2) For k G {1,2, ... ,n} so that 5 Xa" K/- is non-empty, the image of every 
closed point under 

/ o 7 : 5 xa. ^ A[n] xa- Kk = {A[k - 1] x A"-'=) U^, (A'^-i x A[n - k]) 
lies in 

(a) A'^-i X A[n - fc] for fc < / 

(b) A[k - 1] X A"-'= for fc > Z + 1. 



The property of i-admissibility has a simple geometric explanation. Suppose a 
chart is i-admissible for / G {0, 1, . . . , n}. Let s € S* be a closed point, t = h{s). Let 
{a(l), a(2), . . . , a{m)} be a subset of {1, ... , n} corresponding to the coordinates of 
t which are zero. We have a morphism 

f■.C = Xxss—^ A[n] xa" t 

Then A[n] Xa" t = mP = -Po ■ ■ ■ Pm- The ith marked point is mapped 
into the component of Pj \ -Da-i(0 that contains Xq. 

It is easy to see that the property of a morphism S — > J^{A, V) being i-admissible 
is preserved under puUbacks in the sense of 5.1.2 

Lemma 6.1.2. Give a chart 



X 



and a closed point p G S, then there is a Zariski neighborhood Up C S of p so that 

f 



XxsUp 



A 



n\ 



is i-admissible. 
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Proof. The family over p, 



X xsp- 

7 



■A 



is i-admissible for some I £ {0,1, ... , n}. 

Consequently, we can find a neighborhood Uk of p so that image of closed points 
under 



foj:UkXA^Kk^ A[n] xa- = {A[k - 1] x A"^'^) Ud 
lies lies in 

(1) A'^-i X A[n - k] lor k<l 



A[n - k]) 



(2) A[k-1] 



loi k>l + l. 



Let c/p = Z7i n c/2 n • • • n c/„. 



□ 



Corollary 6.1.3. A4{A, T) has etale atlas U — *■ Ai{A, T) that has the property that 
U can be written as a disjoint union, U = ]JUa where each Ua is i-admissible. 

Proof. We can refine an atlas of M{A,r) that is the disjoint union of nice charts. 

□ 



Note that if 



■ A\n 



is j-adniissible for an I £ {!,..., n} and if j : [n] [N] is an order-preserving 
inclusion, then if : A[n] A[N], J : A" — > A^ are the induced inclusions, then 



3»°f 



Joh 



is i-admissible for if Z > 1 and i-admissible for otherwise. 

Note also that the property of ^-admissibility for / € {0,1,..., n} is invariant 
under the action oi p : S ^ G[n]. 

Lemma 6.1.4. Let S be an i-admissible chart for I G {0, 1, . . . , n}. Then l^i^not hot \s 
Is, the topologically trivial bundle under the G[n]-action 

{(TQ,ai, . . .,(Tn)[s] = [((71 . . .cr;)~^s] 
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Furthermore, there is a constant c so that the section is given on S as h*{cxi . . .xi) 

Proof. We need to define G[n]-equi variant line bundles Cj[n] on A". Let Ci[n] as 
Ia" , the topologically trivial bundle on A" with linearization 

(cto,(Ti, . . . ,c7„) • s = o-r^s 
Ci has a G[n]-equivariant section given by a;,. 

We will show that given an i-admissible atlas on M.{A, F), {X^, Sa, fa, ha, 7a}, 
so that 

Xa ^ A[na] 

la 

Sa — ^ A"o 

is i-admissible for G {0, 1, . . . , no} then 

(/a o jaTNBin] ® h*JC\ ® • • • ® Q„ [n]^) 
is canonically isomorphic to the trivial bundle on Sa ■ Therefore, we conclude that 

hl{Ci[n](g,---(g,Ci^ [n]) 

induces a line-bundle on A4{A,T) that is isomorphic to Li, not bot- The following 
lemma gives a description of this bundle. 

Lemma 6.1.5. There is line bundle on ^A{A, F) defined over an i-admissible chart 
Sa^M{A,T) by 

h*a{Ci[n](^---(^CiJn]) 

which has a section 

ha{xiX2 ■■■xij 

Proof. We just have to check that the line-bundles are well-behaved under the 
group action and standard inclusions. This is standard in light of the observation 
preceding Lemma 6.1.4. □ 



Recall that G[n] is the group of morphisms p : S ^ G[n] under point-wise 
multiphcation. To obtain the triviality of (/„ o 7„)*iVi?[n] ® h*^{Ci[nY ® ■■ ■ ® 
Ci^[nY), we have the following. 



Claim 6.1.6. For any family 



that is i-admissible for Z G {0, 1, . . . , n}, the bundle 

(/ o 7)*(iVB[n] ® Ci[nY Ci[nY) 
has a nowhere zero section u[n] that obeys the following properties: 



38 ERIC KATZ 

S 

(1) u[n] is G[n] -equi variant 

(2) Given an effective inclusion induced by j : [n] ^ [N], p : S ^ G[N] then 
there is an isomorphism 

{j*ofoj)*{NB[N]) (Jo/i)*(Ci[7V]^®---®C,(,)[Af]^) 

= (/ ° iy{NB[n] ® Ci[n]^ «) • • • ® Ci[n]^) 

— s ■ — 

that is G[n] = (j;*G[n])''-equivariant and that takes u[N] to u[n] 

(3) Given a morphism i : T ^ S corresponding to pulhng back charts, i*u[n] = 
u[n]. 

We first relate NB[n] to Vo[n] = t*Vo[0] which has a canonical equivariant section 
s[n] = t*s[0] . We note that the bottom map can be factored as a morphism of swags 
into blow-downs and projections as follows: 

b : A[n] ^ A[n - 1] x ^ A[n - 1] ^ . . . ^ A[l] A[0] x ^ A[0] 

so if 

7r„ : A[n\ A[n - 1] x — ^ A[n - 1] 

we have 

NB[n] = KNB[n - 1] = p*q*NB[n - 1] 

On the other hand, Vo[n] is the proper transform of q*Vo[n — 1]. Consequently, if 
En = 0{1) is the line bundle whose zero scheme is exceptional divisor of /3 then 

Vo[n]=TT:Vo[n-l]0El 

Let 7r„,i : A[n] — > A[i] be given by the composition 

TTn.i = TTj+i o • • • o 7r„ : A[n] A[n - 1] . . . A[i + 1] ^ A[i\ 

with the group homomorphism given by 

T^n,i* ■ (o'o,cri, . . .,a„) — > ((To,(Ti, . . .,ai). 

Then, it is easy to see by induction that we have the following G[n] -equivariant 
isomorphism of line-bundles, 

NB[n] = Vo[n] ® tt^^^Ei ^ Tr^^s^^a ® E^ 

Since Vo[n] induces the trivial bundle on M{A,T), NB[n] induces the same 
bundle as 

NB[n] io[n]^ = Tr*^iEi ® <_2^2 ® K,n-iEn-i Er,. 

The theorem then follows as a consequence of the following lemma. 

Claim 6.1.7. Consider an i-admissible atlas as above. On each Sa, consider the 
bundle 
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on Sa- These bundles descend to a section to M{A,T). Moreover, they possess a 
nowhere zero section that descends to a section on A4{A, F). 

This claim follows from examining blow-ups in local coordinates. 

□ 

There is the analog for Lj^not top which has a similarly defined canonical section. 
Lemma 6.1.8. Let S be an i-admissible chart for I G {0,1, . . . ,n}. Then 

^i,not top \s — IS) 

the topologically trivial bundle under the G[n]- action 

{ao,(Ti, . . . ,C7„)[s] = [(cr;+i . . .cr„)~^s] 
Furthermore, Li^not top has a canonical section that is given on S as h*{xi+i . . .a;„) 

6.2. Local Interpretation of Lj^ext- We can define i-admissible charts on M.{Z, Tz) 
exactly as we did on M.{A,Ta)- Recall that Lj_ext is defined as ev*L where L is 

a line bundle on Z with section s whose zero-scheme is D. Lj ext has a canonical 

section cv*s. 

Lemma 6.2.1. Let S be an i-admissible chart for I G {0, 1, . . . , n}. Then 

^i.not bat \s — 

the topologically trivial bundle under the G[n]-action 

(CTI, . . . ,(T„)[s] = [((Tl . . .diy^s] 

Furthermore, the canonical section is given on S as h*{xi ■ . - Xi) 

The proof is exactly analogous to the one given for Lj^not bot- It carries through 
word-for-word with G[n]'s substituted for G[n] and Z's substituted for A's. 

6.3. Fi U r2-admissible charts. Let F be a relative graph. Consider the moduli 
space M{Z, F). 

Definition 6.3.1. Let (F2,F^,i, J) be a quadruple whose graph-join, Tz *l,j^a 
is isomorphic to F. Consider a nice chart in ^4{Z,T), 



h 

Let 

T = S XMiz,r) MiZ U A,Vz Ul,j F^). 
The chart S is said to be F^ U^^j T A-admissible if one of the following happens 
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(1) T is empty. In this case, S is said to be trivially admissible. 

(2) There exists an integer I e {!,..., n} so that T ^ S factors as T 

S Xa^ Ki so that 



f:Xxj,r.Ki^ Z[n] Xa- Ki = {Z[l - 1] x A""') 
can be written as 
gzxhAUhzxgA-. yz U^, ^ {Z[l - 1] 



1 /-I 



A[n - 1\) 



\ri-l\ 



) Ud [A'-' X A[n-l]) 

where Ujji refers to gluing the following families along f^^{Di) to form 
nodes: 

fz 



yz 

1z,Sz 

S XAn Kl 



■ z[i - 1] 



and 



yA 



hz 

fA 



^ Z[n - 1] 



1A,S'',5'' 

S XAn Kl ■ 



Ha 



where this splitting is described by a quadruple that is join-equivalent to 

{Vz,Va,L,J). 
In this case, the chart is said to be admissible for I. 



Again, everything holds for A^(^,r) if wc replace (rz,rA) by {Tb,Vt). By [12], 
there exists an atlas consisting of {Tz^^A,L, J)-admissiblc charts. 

Definition 6.3.2. Given a quadruple T = {Tz,^A,L,J), and a nice chart in 
M{Z,T), 

f 



7,d 



that is Tz U^^j FA-admissible, define L-r on S as follows: 

(1) If S is trivially admissible, Ly = Is, a topologically trivial bundle with 
trivial G[n]-action. 

(2) If 5 is admissible for Z G {1, . . . , n}, define Lr on S as the G[n]-equivariant 
line bundle /i*1a where 1a is the topologically trivial bundle with group 
action 

(ui, . . . ,cr„) • s = af^s 



Now, Lr has a canonical section given by sx = 1 in trivial charts and sx = h* (xi) 
for non-trivial charts. It is standard to verify by arguments similar to 6.1.5 that 
{Lr,sr) globalizes to a line bundle on M{Z,T) (see [12], Lemma 3.4) 
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Once we fix F, there are finitely many join-equivalence classes of quadruples 
{Tz, r^, L, J) so that Tz = T. Therefore, we can construct an atlas that 

is admissible with respect to every possible join-equivalence class and is admissible 
with respect to every interior marked point. 



6.4. Interpretation of Bundles. Let us rewrite the bundles Dil,Lj_ext, Li, not top, Li, not bot 
as tensor products of Lx's on M{Z,r) and A4{A,r). 

On M{Z,r) where i is the label for an interior marked point, 

(1) fiDii = {T = (r^, Fz, L, J)} the set of all join-equivalence classes of quadru- 
ples T = (F^, T^, L, J). 

(2) ^u,... = {{TA,Tz,L,J)\i G J(M^)}. 

while on Ji4{A, F) where i,j are labels for interior marked points, 

(1) fispiit = {(rt,rfe,i,j)}. 

(2) f^L.,„o,,ot = {(r*,rb,L,J)|*G J(M0}. 

(3) f^L..„..„, = {{Tt,n,L,J)\i e J(M,)}. 

Theorem 6.4.1. For L = Dil, Li^ext, SpHt, Li^not bot, ^i,not top, 

L= ^ Lr. 

[T]eOi 

where [T] denotes a join- equivalence class and T a representative element. 



Proof. Let us prove (2) on A4{A, F). The other cases are similar. Consider a chart 
S that is admissible with respect to every F;,, F^ decomposition and with respect to 
every interior marked point: 



where 7 is the section corresponding to the interior marked point i. Suppose that 
S is i-admissible for I G {0, 1, ... , n}. The for any fc € {1, . . . , n} so that S x^n Kf. 

is not empty, 

/ : A" Xa" -ftTfc ^ A[n] Xa- Kk = {A[k - 1] x A""'^) [k^-^ x A[n - k]) 

is given by a join-equivalence class [T] where T = (F(,, F^, L, J). Following from 
i- admissibility, we have the image of every closed point under 

(/ o 7) : S- ^ {A[k - 1] X A"-*^) Ud (A'^-i X A[n - k]) 

lying in A'^~^ x A[n — k] ior k < I and lying in A[k — 1] x A""'' for A; > i + 1. 
This implies that J"^(i) G for A; < / and J"^(i) G Mb for A; > / + 1. Now, let 
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B = {k € {1, . . . , 1}\S Xa" Kk = 0} and define as a topologically trivial bundle 
on A" with linearization given by 

{ao,(Ti,...,an)s= (JJ (Tk^)s. 

keB 

1/0 is canonically isomorphic to the trivial bundle with the trivial linearization. 
Therefore, 

(g) Lr= i (g) Lr\ ®L0 = ls 
with the linearization 

((To, CTi . . . , cr„) • S = (cTi . . . cr;)~^S. 
But this is just local interpretation of Lj^not bot D 



6.5. Splitting of Moduli Stacks. Wc need to cite a number of results form [12]. 
These results were proved for a different moduli stack, M{\V), but because of the 
parallels between that space and Ai{A, F) and M{Z, F), the proofs can be modified 
in straightforward fashion. 

Definition 6.5.1. Let T = (rz,TA,L,J) be a quadruples describing a decompo- 
sition in A4{Z,T F^). Define m(T) by 

m(T) = n ^^z{i). 

ieRZ 

Theorem 6.5.2. We have the following equality among cycle classes 
ci{Lr,sr) n Fz F^)]"-- = m(T)[Al(2 U ^ T)]"- 

Let [T] be T's join-equivalence class. Then we have as a consequence of Corollary 
3.7.7, 

Theorem 6.5.3. // 

M[T]= U M{A,T'a)xd^M{Z,T'z) 

(r'2,r:,,L,j)G[T] 

is given the virtual cycle of a disjoint union, then 

ffT] : M[T] ^ MiZ,Tz *L,j Fa) 

induces 

*[T]*([M]"'') = \MZ\\\MA\\{\RZ\^)'^[M{ZUA,T)Y^'' 

Now, we have the following fiber square for a quadruple (Tz, Fa, L, J), 
M{A,Ta) Xd^M{Z,Vz) ^M{A,Ta)xM{Z,Tz) 



A 
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where downward pointing maps are induced from evaluation at the boundary marked 
points of M{Z,Tz) and the boundary marked points at Doo on M{A,rA) and A 
is the diagonal. 

Theorem 6.5.4. We have the equality of cycle classes 

A'-{[M{A,TA)r' X [M{Z,Tz)m = [M{A,Ta) Xn^ M{Z,Tz)r'^ 
Corollary 6.5.5. // we define 

Pr= I] M{A,r'^)xM{Z,r'z) 

(r^,r^,L,j)e[T] 

then 

c.iLr,sr) n [Al(z,r. r.)]"- = p^T^5^^A'(P.) 

L together with i : X ^ Z induces a morphism 

A : X Xl^-^ol) X zl^^^l ^ Z^' X X« 

where M = \MZ\ + \MA\ and R = \RAo\ are the number of interior and boundary 
marked points in 

We have morphisms 

X\MA\ + \RAo\ X Xl^^l X Zl^^l — ^Xl^^l + I^^ol X X Zl^^l X X'^^l 

P 

where A is induced by A : Xl^^l — > x Xl^^l and p is the projection. 

Therefore, for c e x Xl^^l, 

deg((Ev*(c) Uci(Lt)) n [M{Z,rA *L,jrzW") 
m(T) 



Autrz,rA,L(-R2,-R^oo) 



deg(Ev*(A,(p*A*c)n([A^(ArAr"" x [M{Z,Tz)Vn 



Again, there are obvious degeneration formulae on M{A, F^ ^^^jFt) obtained by 
replacing Fz with Fft and F^ with Ft- 

By writing 

ci{Lq) = ^ ci{Lr) 

[T]en 

we obtain formulas for expressing 

deg((Ev*(C) U ci(Ln)) n [MiZ,Fz F^)]™) 

and 

deg((Ev*(C) U ci(Ln)) n [M{A, F^ FJ]™). 
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6.6. Normal Bundle to Split Maps. The split maps in Ai{Z,r) for a divisor 
in M{Z,r). It is natural to ask what the normal bundle to such a divisor is. 
Since a localization computation will have split maps as fixed loci, knowledge of 
the normal bundle will be indispensable for localization as in [5]. This section is 
logically independent from the rest of this paper, but is included as reference. 

Consider {Z,D), a projective manifold Z and a smooth divisor D C Z. Let 
{X,L) be given hy X = D, L = Njj/z- Let Tz and Ta be relative and rubber 
graphs, respectively. Let L, J be joining data as in 3.7.2. Consider Ly for the 
quadruple T = {Tz,^AtL,J). Then ci{Ly) is a substack of M{Z,Tz *l,j^a)- 

Consider the moduh stacks M{Z,Tz)-, M{A,Ta)-, M{Z,Tz ^a), and the 
inclusion 

^:M{A,Ta) XDrM{Z,Tz)^M{Z,Tz *l,jTa). 
A4{A, Ta) X /jr A4{Z, Tz) has projections pa,Pz to its factors. 

Proposition 6.6.1. ^*Lr = P^Dil^ <»p\L°°'^. 

Proof. Consider an T admissible chart for / £ {1, . . . , n}, 

X^^Z[n] 

7,5 

S — r^A" 

h 

Then Ly is given as /i*1a» where 1a" is the topologically trivial bundle with group 
action 

((Ti, . . . ,(T„) • S = (crj)~^S- 

Let Ki C A" be the subset given by ti — 0. Let : ifj ^ A" be the inclusion. 

Lemma 6.6.2. There is an isomorphism of swags, Ki = A'~-^ x A"~^jz^re A'~-^ is 

considered a swag under G[l — 1], A"~' is considered a swag under G[n — I]. Under 
this isomorphism, 

(j)*Lr ^ nlDIL[l - 1]^ ® 7r^B[n - 
where tti and 1^2 are defined as 

Ki 




Proof. The isomorphism is given by 



{ti, . . . ,ti-i,0,ti+i, . . . ,tn) I— > {ti, . . . ,ti-i),{ti+i, . . . ,tn) 

G[n] G[l - 1] X G\^l\ 

(cti, . . . , C7„) (cti, . . . , cr;_i), (cria-2 . . . (t;, C7i+i, . . . , C7„) 
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Note that in the above, cti . . . ct; gets mapped into the zeroth place in G[n — I]. 

Therefore, ttIDIL[1 — 1]^ (g) 7r2-B[n — l]^ , is the topologically trivial bundle on Hi 
with the group action 

(cTi, . . . ,cr„) • s = (cTi . ..ai-i){ai . ..ai)~^s = a^^ s 

□ 

The above isomorphism is canonical and globalizes giving the conclusion. □ 



7. The Trivial Cylinder Theorem 

7.1. Trivial Cylinders. We will single out certain connected components of curves 
parameterized by M.{A,T). These are the trivial cylinders which will be significant 
in [7]. 

Definition 7.1.1. Let F be a rubber graph. A vertex v is said to correspond to a 

trivial cylinder if 

(1) g{v) - 0. 

(2) d{v) = 

(3) ttQ^iv) is a single point. 

(4) a'^{v) is a single point. 

(5) ^,%a^\v))=^i^{a-J{v)). 

(6) AjJ{v) is empty. 



A trivial cylinder corresponds to a component in a family. This component 

is given over a point p £ 5 by a map / from C to iP where C is a chain of I P-'^'s. 
/ takes C into a fiber over some point x € X, and there is an integer d so that / 
is given on each by 

Note that if T consists of a single vertex corresponding to a trivial cylinder, then a 
morphism of a family of type F, 



X 



■A[n] 



would be invariant under composing / with the action of (cto, 1, . . . , 1) € G[n] and 
pre-composing with the appropriate S'-isomorphism on X. Consequently a trivial 
cylinder is not stable. This does not rule out morphisms of type F which has a 
component which is a trivial cylinder. 
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There is a straightforward way of comparing relative Gromov-Witten invariants 
involving graphs with trivial cylinders to those without. It follows from the following 
theorem. 

Theorem 7.1.2. Let T be some rubber graph. Let T\ be T together with a vertex 
corresponding to a trivial cylinder. There is a natural map 

v: M{A,Ti) ^ M{A,r) xX 

so that 

v4M{A,T\)Y'^ = -[M{A,T)]'"^ X [X] 
r 

and 

w*(L°°) = L°°. 

Consequently ifV has m interior marked points andrQ+r^o boundary marked points 
then we have a commutative diagram 

Ev, 

M{A,r\) — X X 

h 

M{A, T)xX -^-^ X"^ X X^-o X X"--^ x{X xX) 

where A : X — > X'^ is the diagonal and the morphism h reorders the prod,ucts of 
X so that the copies of X corresponding to the r^ + 1st and r^a + 1st boundary 
marked points are taken to the image of the diagonal morphism. Then for classes 
A G H*{X"' X X'-o+i X we have 

deg{Ev^iA) n [MiA,T\)rn = ^ deg{{{Ev x A) o h-')* (A) n {[M{A,r)r'' x [X])) 

There is a heuristic argument for why this is true. We can think of a trivial 
cylinder in ^4(0] as a map ^ P given by 

r 

Note that this map r automorphisms given by 

Z ^ UJ^Z 

where ujr is an rth root of unity and < a < r — 1. Therefore, we would like to say 

M{A,ri) = M{A,r) X (X/(Z/r)) 

where X/{Z/r) is the stack consisting of X quotiented by a cyclic group of order r, 
acting trivially. Wc should even hope for the virtual cycles of each space to agree. 
This, unfortunately, is not true as stated. 

The main obstacle for this fact being the case is that the target of a map in 
M{A, r) may not be P, but ;P for / > 1. Therefore, we may have split maps This 
gives an automorphism group of {Z/ry~^^ where we can multiply by a different 
power of LOr on each P. Moreover, this splitting phenomenon gives a non-reduced 
scheme where points corresponding to maps into a chain of length I have multiplicity 
rK Therefore, we'd like to define a map 

v : M{A,r\) ^ M{A,r) xX 
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If we have 

then we can conclude the theorem. 

The argument below was suggested by Jun Li. 



7.2. Stacks of Trivial Cylinders. Wo need to define a stack AiT that param- 
eterizes map rubber maps of cylinders. Since trivial cylinders are not stable, this 
moduli stack is not Deligne-Mumford. 

Let Ar be a rubber graph corresponding to a degree r trivial cylinder. Consider 
MT = M{A, Ar) constructed as above but where we do not impose the stability 
condition on families. Instead, we just impose that for a family over any point. 



n 



P > A" 

if A[n] Xa" p is a chain of P's, 

Po UdPiUd--- Ud Pi 

then C consists of a chain 

Co U Ci U • • • U Ci 
where / maps Cj to a fiber of tt : P, — > X by a map of the form 

V 

z ^ z 

There is a natural (although not representable) map v : M.T A'^^^ x X taking 
each family of trivial cylinders to its family of target schemes together with the 
point in X in whose fiber it lies. 



We can get an explicit handle on the morphism v by pulling it back by the 

morphism A" A'^°^ given by the family of targets A[n] A". Now T = AdTx^rei 
A" has an explicit description. Define the scheme TC" by 

TC" = Spec]K[a:;i, . . . , a;„, yi, . . .,y„]/ix - y[,...,x - y^). 

TC" X X has a natural morphism to T. The map to A" is given by 

TC" ^ A" = Spec]K[a;i,...,a;„]. 

The map to MT comes from the following family: the domain is given by 

A[n] XA"x;f TC" 

where the map TC" — > A" is 

TC"^ A" = Spec K[yi,...,j/„] 
and A[n] — > A" x X is the usual projection p x n. The target is given by 

A[n] XAny.xTC'' 
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where the map TC" A" is 

TC" ^ A" = SpecK[a;i,...,a;„]. 

The stable morphism of famihes, / is given by constructing nodal normal neighor- 
hoods wi'W2 = xi and Z1Z2 = yi and setting 

This induces a degree r covering of the fibers. 

This morphism has the automorphisms 

TC" XT TC" = (Z/r)"+^ X TC". 

The first projection is 

(ao,ai, . . . ,a„) • {xi, . . . ,Xn,yi, ■ ■ ■ ,yn) ^ {xi, . . . ,a;„,yi, . . . ,t/„) 
where € Z/r. The second projection is 

(ao,ai, ...,«„)• (a:;i, . . . ,a;„,yi, . . . , 1-^ (xi, . . . ,x„,w"iyi, . . . 

The fact that y becomes nilpotent at x = come from the fact that when we 

consider a split curve, wc must smooth the node to rth order before we can move the 
curve out of its singular target fiber. The Z/r factors come from rotating different 
components of split maps. 

Consider the map 

V : MT x^rei A" ^ (A" x^rei A'"^) x X = A" x X. 

It is clear that for any point q <E A" x X, wc have dcg{v^^{q)) = i. This follows 
from the fact that degree and local multiplicity are properties that can be checked 
at generic geometric points. 

Note that given any map SpecK A"^^, we may find an n so that the map 
factors as SpecK — > A" — > Consequently, deg(SpecK x^rei MT) = K 

7.3. Comparing M{A,ri) to M{A,r). 
Theorem 7.3.1. M{A,ri) = M{A,r) x_^r,iMT 

Proof. This is a matter of unwinding the definition of a fiber product in the category 
of stacks. Let PMA,Pr '■ A4{A,r). A4T A^'''' be the projections. A family 
S — *■ M{A, r) x_4rei MT consists of a triple QimAi ^t, o) where 

hMA-S^M{A,T) 



hr-.S^ MT 
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and a is an arrow in a : PAi^MA) Pt(/it)- If we shrink S to make Ha and 
hr a nice family, we get diagrams 

S ^ A"i 

and 

T — ^ A[n2] 

• f 

S ^ 

By shrinking S further, wc can find an effective arrow between S , S A"^, 

that is an integer N, standard inclusions [m] ^ [N], [712] ^ [N] and maps pi,p2 : 
S — > G[N] so that the following compositions are equal 

S ^ S X A"i ^ 5 X A^ ^ G[N] x A^ ^ A^ 

5 ^ S X A"^ ^ 5 X A^ ^ G[N] x A^ ^ A^. 
This allows us to combine the two families 

/|LJ/t 

XUT ^ A[N] 

S ^A^ 

to obtain a family in M{A, Fj). Showing that this map from M{A, F) x_4rei MT — > 
A4{A,T^) is an isomorphism is a straightforward verification. □ 

CoroUciry 7.3.2. There is a natural morphism M{A,r\) — > M{A,T) x X 
Proof. Consider v : MT A'"^^ x X. This induces 

V : M{A, F,) = M{A, F) x^.oi MT M{A, F) x^.oi (^"^ x X) = MiA, F) x X. 

□ 

7.4. Virtual Cycles. In this section we will show how to compare the virtual cycle 
of A^(^,r|) to that oiM{A,T) x X. 

Let us first note that MT has no obstructions. Let V A'^'^^ be some family. 
Then consider the Deligne-Mumford stack MT x^^rd V. We can write down the 
tangent /obstruction complex for MT x_4rei V following the recipe in [12]. We see 
that h^iE') = 0, so 

[MT X^rel VY" = MT X^rel V 
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Now let us look at the stack A4{A, F) x_4roi A4T. We consider a particular kind 
of ctalc chart. Let S — * M{A, T) be etale. Then let W ^ 5' x_^re\ MT be an etale 
chart. Then wc have the following composition of etale morphisms 

W = SxsW-^Sxs{S x^.ei MT) = S x^.ei Mr M{A,T) x^.ei MT 

If we shrink W as above, we can obtain nice families 

X — ^ A[N] 



and 

T — ^ A[N] 



S 

Now, the tangent /obstruction complex oiiW = SxsW splits into contributions 
from S M{A,T) and W MT. Moreover, the induced tangent/obstruction 
complex is identical to the one given by considering W — > M{A, T^). Therefore, we 
obtain a cone cycle C G Zt,{E = Ej^ © Et) over W where 

C = Cy\_ xs C't 

where e Z^{EX) is the cone cycle on S and Ct S Zt,{ET) on W. By the 
naturality of the Gysin map (see [2] 6.5), 

Se^BEtC^A xsCt) = (se^Ca) XsW 
Globally, this construction tells us that 

[M{A,T^)r'' = [M{A,T) x^„, A^T]™ = [A^(Ar)]™ x^,e. [MT] 

Therefore, if we consider the morphism, 

V : M{A,r^) ^ M{A,r) xX 
induced from the degree ^ morphism 

MT A'''^ X X, 

we have 

v4[M{A,T^)Y'') = v4[M{A,r)Y'' x^.ei [MT]) = i[Al(yl,r)]™ X [X]. 
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